ON GORENSTEIN SURFACE SINGULARITIES WITH FUNDAMENTAL GENUS p f ^ 2 WHICH SATISFY SOME MINIMALITY CONDITIONS TADASHI TOMARU
In this paper we study normal surface singularities whose fundamental genus (:= the arithmetic genus of the fundamental cycle) is equal or greater than 2. For those singularities, we define some minimality conditions, and we study the relation between them. Further we define some sequence of such singularities, which is analogous to elliptic sequence for elliptic singularities. In the case of hypersurface singularities of Brieskorn type, we study some properties of the sequences.
Introduction.
Let π : (X, A) -> (X,x) be a resolution of a normal surface singularity and, where π~1(x) -A -UΓ=i ^ ιs the irreducible decomposition of the exceptional set A. For a cycle D = Σ<Li diAi (di € Z) on A, χ(D) is defined by χ(D) = dime H°(X, Ό D ) -dime H^X^OD), where O D = Oχ/O{-D). Then where g(Ai) is the genus of the non-singular model of A { and δ(Ai) is the degree of the conductor of Ai (cf. [7] ). The arithmetic genus of D > 0 is defined by p a (D) = 1 -χ{D). Let Z be the fundamental cycle on A (cf. [1] ). Then the following three holomorphic invariants of surface singularities are defined by (cf. [1] , [7] ), These values are independent of the choice of a resolution of (X, x) and there is a relation: pf ^p a =P g Now assume pf ^ 1. Let E be the cycle on A defined by E = min{D > 0\p a (D) = pf, 0 < D ^ Z} (see Definition 2.1) and let K the canonical cycle on A (cf. [24] ).
In §1, we prove the followings. Theorem 1.6. Let (X,x) be a numerically Gorenstein surface singularity with pf(X,x) ^ 1 which is not a minimally elliptic singularity. If π is the minimal resolution or the minimal good resolution, then -K ^ Z + E.
In §2, we prove the following.
Theorem 2.2. Let (X,x) be a normal surface singularity with -K = Z + E, thenp g ^p f + 1.
Moreover, for normal surface singularities of pf ^ 2, we consider some minimality conditions which are similar to the minimality conditions by Laufer ([7] , Theorem 3.4) .
In §3, we consider the fundamental cycle for normal surface singularities with star-shaped dual graphs and describe a formula of pj for them (Theorem 3.1).
In §4, we consider hypersurface singularities of Brieskorn type with degree (α o ,αi,α 2 ) (i.e., (X,x) = {αg° + x^1 + x^2 = 0} C C 3 ). For them we prove the following two theorems. In Section 5, for singularities with pf ^ 2, we consider sequences which are analogous to Yau's elliptic sequences. We study such sequences of hypersurface singularities of Brieskorn type and find several properties for them (Theorem 5.5).
The author would like to thank Prof. Kei-ichi Watanabe and Prof. Masataka Tomari for their helpful advice and encouragements during the preparation of this paper. In particular, Prof. Tomari kindly communicated Theorem 3.1 of this paper to the author. Also the author would like to thank Prof. Oswald Riemenschneider. He sent the author the thesis of J. Stevens and pointed out that the minimal cycle (Definition 1.2) had already been defined in it (p. 33 in [13]).
Notations and Terminologies.
For integers (or real numbers) α i5 α 2 , ..., α n (n ^ 2), we put [αi,α 2j ... ,α n ] := ax 1 α 2 (continued fraction). For real number α, we put [a] := max{n e Z\n ^ a} (Gauss symbol) and {a} = min{n E Z|n ^ a}. Further, for positive integers a u ... ,α n , we put (αi,... ,α n ) := g.cm. (a u ... ,α n ).
Minimal cycle for normal surface singularities.
Let π : (-X",A) -> (X>>x) be a resolution of a normal surface singularity, where A -(J£=i M ιs the irreducible decomposition. Let D be a cycle with 0 < D < Z, where Z is the fundamental cycle on A. Then we can construct a sequence of positive cycles Z o = D, Zx = Z o + A u ..., Z { = Z i=i +A^..., Z -Zι -Z\-\ + At such that ZiAi+ι > 0 for i = e, e + 1,... , / -1, where e = 0 if D > 0 and e = 1 if 1} = 0. We call this sequence a computation sequence from D to Z. If D = 0, then it is a Laufer's computation sequence of Z. We can always construct a computation sequence from D to Z as in [6] . Lemma 1.1. Let D be a cycle on A such that 0 < D < Z. Then p a (D) ^ pf.
Proof. Let Z o = £), Zχ ? ... , Z/ = Z be a computation sequence from 1} to Z.
Definition 1.2. Let £bea cycle on A such that 0 < E ^ Z. If £7 satisfies that p α (£?) = P/ and p a (D) < Pf for any cycle D such that D < E, we call £J a minimal cycle on A.
If (X,α;) is an elliptic singularity (i.e., pf(X,x) = 1), E is the minimally elliptical cycle [7] . In [13] , J. Stevens had already defined the minimal cycle on the minimal resolution and he called it the characteristic cycle of (X,x). He showed that if (X, x) is a minimal Kulikov singularity (p. 29 in [13] ) and if π is the minimal resolution, then Z = E on A. The existence and the uniqueness of the minimal cycle E can be shown as in [7] , Though they were also done in [13] , we repeat them for the convenience to the reader. 
Then χ{M) ^ 1-^, soM >0. Further, by Lemma 1.1, χ(M) ^ 1 -p/, so p α (M) = p/. After finite steps of this process, we can obtain the minimal cycle E. q.e.d.
For the definition of the minimally elliptic cycle, we need not the assumption "E ^ Z" (see [7] ). However, in the case of Pf ^ 2, we need the assumption.
Lemma 1.4. Let Z o = E, Z λ = E + A h ,..., Z = Z t = E + A h + -+ A άι be a computation sequence from E to Z. Then A jk is a smooth rational curve
and Zk~iAj k = 1 for k = 1,... , /.
Proof.
We have p f = p α (#) ^ Pa{Zχ) S ' S Pa{Zι) = p/ as in Lemma 1.1. Then χ(Z| fe) -χ(Zjb-i) = 0 for & = 1,... , /. By the adjunction formula (0.2), Z k -ιA jk + g(A jk ) -1 + δ(A jk ) = 0 for any k. This completes the proof, q.e.d.
Let us define the Q-coefficient cycle if on A by the relation: A { K -AιKχ for any irreducible component Aι C A -(J^= 1 Ai> We call K the canonical cycle of A (cf. [24] ). If if is a Z-coefficient cycle, we say that (X, x) is numerically Gorenstein. This condition does not depend on the choice of a resolution. Now let σ : (X,A) -> (X,A) be a monoidal transform with center p € A. For any irreducible component A { of A and L = σ -1 (p), we put σ*Ai = Ai + nriiL, where Λ* is the proper transform of Ai and mi is the multiplicity of A { at p (but if p ^ A*, we put rrii = 0). Further we put σ *I} = £* =1 diσMi for any cycle D = £? =1 d^^ on A. Now let Z and K (resp. Z^ and ίί^) be the fundamental cycle and the canonical cycle on A (resp. A). We put Z = ΣILi ^i^i an d ^ = ΣΓ=i ^i^f which is not a minimally elliptic singularity and let A be the exceptional set of the minimal resolution or the minimal good resolution of (X, x). Then -K ^ Z + E on A.
Proof Let π : (X, A) -> (X, x) be the minimal resolution. Then K A* ^ 0 for any i, so -K ^ Z. If -K = Z, then (X,a;) is a minimally elliptic singularity. Hence -K > Z. Let M = min(-ϋ: -Z,Z). Since 0 < M < Z, by Lemma 1.1 and (0.1),
The minimal good resolution is obtained from the minimal resolution (X, A) by iterating monoidal transforms centered at points. Let σ x : (X, A) -» (X, A) be a monoidal transform at p £ A, where p is a singular point of an irreducible component of A or muH p A ^3. If p G SuppE, then -K^ > %A + EA fr°m (l l) a n d Proposition 
.., Z/ = Z be a computation sequence from ϋ? to Z. Since A ifc ^ S't/ppE for A; = 1,... , 5, {A^,... , A ΐa } is contained in {A^,... , A jt }. Then it is obvious that Z jfe A Jfc+1 ^ 2 for some A;. This contradicts Lemma 1.4 again. Hence we may only consider a point in Supp E as the center of σ x . Continuing this process, we complete the proof, q.e.d.
Minimality conditions for Gorenstein surface singularities.
Let (X, x) be a normal surface singularity. If there is a neighborhood U of x in X and a holomorphic 2-form ω on U -x such that ω has no zeros on U -x, (X, x) is called to be Gorenstein. If (X, x) is Gorenstein, then it is numerically Gorenstein. If (X, x) is a Gorenstein surface singularity, the following inequality holds (cf. [5, 14, 20] for general case and [24, 25] for case of p g = 2):
Prom Definition 1.2, Theorem 3.4 (3) in [7] , Theorem 1.6 and (2.1), we can consider the following four minimality conditions I~IV respectively.
Definition 2.1. Let (X, x) be a normal surface singularity withp^ ^ 2 and π : (X,A) -ϊ (X,x) the minimal resolution. We consider the following four conditions:
(II) Any connected proper subvariety of A is the exceptional set for a singularity whose fundamental genus is less than p/(X,x),
is a Gorenstein singularity and p g (X,x) = pf(X,x) + 1.
We can easily see that I-»Π is always true for any normal surface singularity with pf ^ 1. In the following we consider the other relation between these conditions. Under the condition that (X, x) is Gorenstein, we can show III-*IV. However, we can find that there are no other good implications even for the Gorenstein case. We show this through some examples. Prom now on we will prove Theorem 2.3 and Corollary 2.4. We prepare the following.
.. , Z t = Zj_i + A jt = Z be a, computation sequence from E to Z. By Lemma 1.4, A j{ is a smooth rational curve and Z^iAj. = 1 for i = 1,2,...,/. Prom the sheaf exact sequences:
we have the exact sequences of cohomology groups:
H°(A u O Al (-E))
Since A m -P 1? H°μ i+1 ,O Λi+1 (Z i+1 )) = H\A i+u O Ai+ι {Z i+ι )) = 0 for any i. It gives the isomorphism of (i).
(ii) Let us consider the following commutative diagram:
Then, from (i) we have
(iii) Prom the sheaf exact sequences:
we have the exact sequence of cohomology groups:
for any i, for jf = 0,1. q.e.d.
Proof. We may assume that p f (X,x) ^ 1 and p g (X,x) ^ 2. Let π : (X, A) -y (X, x) be a resolution and A = UΓ=i ^» the irreducible decomposition. Let Zi = Ai, Z 2 = Zi + A 2 ,..., Z = Z| = Z|_i + A| be a computation sequence of the fundamental cycle Z on A, so ZiA iΛ .χ > 0 for ϊ = 1,... , Z -1. Prom the sheaf exact sequences:
we have the exact sequences of cohomology groups
Further, and Therefore we have
On the other hand, it is well known that p g (X,x) = dime H 1 (X, O) = dimcfΓ^X^-K) (cf. [7] and [24] ) andp/(Jf,α?) = dimcH^X.Oz).
By
Prom (2.1) we have the following.
Corollary 2,4. Let (X, x) be a Gorenstein surface singularity withp g (X, x) 2 . If~K = Z + E, then p g (X, x) = p/(X, a?) + 1.
Let C be a curve of genus 2 and X a line bundle on (7 with 2L = JFQ7, where K c is the canonical bundle of C. We assume that H°(C, O(L)) = 0. For example, if we take L as O(Pι+P 2 -Ps) with three different Weierstass points Pi, P 2 and P 3 , then it satisfies the conditions above. Let (X,x) be the singularity from the contraction of the zero section of the negative line bundle -L. Then it is a Gorenstein singularity satisfying p g = 3 (see [10] ) and p s = 2, but -K = 3C > Z + JS? = 2C Therefore the converse of corollary 2.4 does not hold. 
We can easily check that (X, x) satisfies the condition II and Z > E. This shows that then -K = 2A 0 +Ei=i ^i^ z = ^o+Σi=i ^i andp/ = 2. Then -AT = Z+E. Further, (X,x) is Gorenstein and p g = 3. It is obvious that (X, rr) does not satisfy II. This shows III-^II.
Prom examples above, we can find that even for Gorenstein case, there are not any implications between four conditions of Definition 2.1 except for the two implications: I-»Π and III-^IV.
Fundamental genus of normal surface singularities with
star-shaped dual graph.
Let π : (X, A) -> (X, x) be the minimal good resolution of a normal surface singularity whose w.d. graph is given by (3.1) where A it j ~ P 1 for i = 1,... ,n; j = 1,... ,r ί? and A o is a curve of genus g which is called the central curve. Let (Yi^yi) be the singularity which is obtained by the blowing-down of the i-th branch C^ŷ fojr,j (i = 1,... , n). It is isomorphic to the cyclic quotient singularity Cdi,i,ei = C 2 / ( I ** e . 1 \, where -= [6^,... ,6 ίr .] (continued fraction).
We call (d, e) (resp. d) the cyclic type (resp. the cyclic order) of C d] i, e We denote Q-coeίficient divisor D and Z-coefficient divisor [kD] on A o as follows: When (X, x) has a good C*-action, H. Pinkham [10] wrote the affine graded ring R x of (X,x) in terms of the above numerical data as follows:
We call this representation Pinkham's construction. This was generalized to higher dimensional case by M. Demazure [3] , so the divisor D is called Demazure's divisor. Now let us compute the fundamental cycle Z on an exceptional set A with star-shaped dual graph and the fundamental genus pf. Let m be the coefficient of Z on A o . For k = 1,... , ra, let Z^ be a minimal divisor such that 0 < Z<*> < Z and the coefficient of Z<*> on A o is k and Z^A {J <ί 0 for any i,j. Then a unique cycle Z^ exists. It is easy to see that there is a computation sequence Z o = 0, Zι = A o , Z 2 = Zγ + A±,..., Z kl -Z^\ Z kl+1 = Z Λl +A kl+U ..., Z k2 = Z^\ Z k2+ι = Z k2 +A k2 + U ..., ZW = Z which satisfies ZjA k +ι = 1 for A k + λ φ A o , where A k .+ λ = A o (i = 1,... , ra -1) and other A k is a component Aij of a cyclic branch. We call this a good computation sequence.
Let τ : (X,A) ^ (X,A 0 ) be the contraction of all cyclic quotient branches Cdi.i^i (t = 1,... ,n) and A o -r(A 0 ). In §6 in [15] , M. Tomari and Ki. Watanabe studied the Giraud's inverse image of kΛ 0 (it is denoted by L k ), where k is an integer. Prom the definition of L k and the considerations in (6.11) of [15] , we can easily see that Further, from Lemma 6.14 and (6.15) in [15] , we can see the followings:
The following result is due to Tomari, and we describe it according to his suggestion. Hence
For normal surface singularities with C*-action, similar formulas for the geometric genus and the arithmetic genus were already proved in [10] and [14] respectively.
Prom now on, we prepare two lemmas for the proof of i.e., the coefficient of Z on Ai is equal to 772^. Then we obtain the following.
Lemma 3.2. Suppose that the coefficient for the fundamental cycle Z on A o is ds (s is a positive integer).
Then the coefficient for Z on Ai is given by sCi for i = 1,... , n. In particular, ZA { -0 for i = 1,... , n.
Let cf, e and 6 1? ... , b n be as above. Let /, μ be integers such that μd-el = 1 and 0 < μ < d. Then we have -= [&i,. •. , 6 n -i 5 ^n -1] Therefore if we put λ 0 = /, λi = μ and define λ 2 ,... , λ n inductively by λi = bi-ιλ^ι -λj_ 2 (i = 2,... , n), then λ n _! = b n -1, λ n = 1.
Lemma 3.3. (i) // the coefficient for Z on A o is /, the coefficient for Z on
Ai is given by λi (i = 1,... , n). In particular, ZAi = 0 for i = 1,... , n -1 and ZA n = -1.
(ϋ) // I -= 1, then b n ^ 3.
Proof, (i) is easily obtained from (3.5), so only consider (ii). Assume that b n = 2. Since (d -l)e = 1 mod d, --7 = [2,6 n _χ,... ,&i]. Then 0 < d-l d-l < 0. This is a contradiction, q.e.d.
Hypersurface singularities of Brieskorn type.
Let (X, #) be a 2-dimensional hypersurface singularity of Brieskorn type, so the defining polynomial is given by XQ° + x\ 2 + x% 2 for integers α 0 , αi, α 2 . We call (αo?^?^) the degree of (X, x). In this section we consider the fundamental genus and minimalities for such singularities. For the degree (α 0 , αi, α 2 ), we denote positive integers d o > ? ^6 &s follows: where for an integer i, (i) is the integer satisfying (i) = i mod 3 and 0 ( i) ^ 2. Hence we have {d <i> ,d <i+1> ) (d (i)+ 3,d (i+1)+ 3d 3+i ) = (^,^+3)) = 1 and ιi = /.c.m.(tto t αi t α 2 ) for i = Q, 1,2. Let e< be an integer which is determined by βik + 1 = 0 mod d { (0 ^ e { < rf f ) for i = 0,1,2. Then, by the results in [9] , the w.d. graph associated to the minimal good resolution of (X, x) is a star-shaped graph whose associated cyclic branches have at most three types as follows:
2)
where -1 = l&i ,... ,6^1 (continued fraction) and s* = (α( i+ i),α( i+2 )) = 6^3+t (* = 0,1,2). If di = 1, then e* = 0. In this case we put Πi = 0. Further, the Demazure's divisor D is given as follows:
where degZ) 0 = , , » + Σ ~J^ ^ Theorem 3.6.1 in [9] . The next lemma is easy, so omit the proof. Proo/. Suppose that the minimal good resolution of (X, x) whose w.d. graph is given by (4.2) . It suffices to prove that p a (Z -Ai) < pf for any irreducible component Ai of the exceptional set A of the minimal resolution. By the definition of p α ,
First we consider the case that the minimal good resolution is equal to the minimal resolution (i.e., the central curve A Q is not an exceptional set of 1-st kind). By Next we assume that the central curve A o is an exceptional curve of the first kind. Let π = τoσ : (X,A) -^ (X,^4) -^> (X,x) be the minimal good resolution, where r is the minimal resolution and σ is a birational morphism obtained by iterating monoidal transforms centered at a point. We may assume that A contains more than two irreducible components. We have to prove p a (Z -A { ) < p f for any z, where Z = ZA Suppose p a (Z -A { ) = pf for some i. By Lemma 1.4, Ai is a smooth rational curve. Prom (4.4), ZAi = A] + 1. Let Ai be the proper transform of Ai by σ. Prom (0.2.2) in [18] and Lemma 3.2, 3.3 (i), we have ZAi = Zλ-A i = 0 or -1. Since r is the minimal resolution, we have ZAi = -1 and A? --2. Hence Ai is equal to A^n 2 for some j 0 by Lemma 3.3 (i). Hence the coefficient of Z& on Ai is 1. By (1.1) , the coefficient on Z on Ai is 1. Since ZAi --1? there is only one irreducible component Aj C A such that Ai Π Aj Φ φ. Ai intersects transversely at a smooth point of Aj. Therefore we may assume that r doesn't contain any monoidal transform centered at a point of Ai, so A 2 i = AI Then (A^j = A 2 = -2, this contradicts Lemma 3.3 (ii). q.e.d.
In [13] , J. Stevens proved that if (X,x) is a minimal Kulikov singularity and if π : (X, A) -> (X,x) is the minimal resolution, then Z = E on A. Hence if we can prove that all singularities as in Theorem 4.4 are minimal Kulikov, then it gives a proof of Theorem 4.4. However, the author doesn't know the proof until now.
In elliptic case (i.e., (α o ,αi) = (2,3) or (2, 4) or (3,3) ), the result of Theorem 4.4 is already known by the classification of minimally elliptic singularities (cf. H. Laufer [7] and M. Reid [11] ). Further, the similar property as (ii) does not hold in general quasi-homogeneous hypersurface singularities. For example, let (X,x) = {x* + x o x\ + x a 2 = 0} C C 3 . If α 2 ^ 15 (resp. α 2 < 15), thenp/(X,x) = 6 (resp. pf(X,x) < 6). However, (X,x) does not satisfy the minimality condition I of Definition 2.1 for any a 2 ^ 15. For example, if α 2 = 15, then the w.d. graph of (X, x) is ^ ^.
Yau sequence of hypersurface singularities of Brieskorn type.
Let (X,α) -> (X)X) be the minimal good resolution of a normal surface singularity (X, x) with pf(X,x) ^ 1. We give the following definition which is an analogue to elliptic sequence (cf. S.S.T.-Yau [24] , Definition 3.3). Finally if we obtain J5 m with Z Brn E < 0, we call {Z Bo = Z, Z Bl ,... , Z Brn } the Yau sequence of (X,x) and the length of Yau sequence is ra + 1. We call a connected component of\J A g suppE Ai an eliminative branch of (X,x). Let {Z, Z Bl ,... ,Z Brn } be the Yau sequence of (X,x) and (X Bi ,Xi) the normal surface singularity obtained by the contraction of B { for i -0,1,..., m. By Lemma 1.1 we have pf(X Bl^X χ) = = pf(X Brn ,x m ) = pf. In this section we study Yau sequence whose member are hypersurface singularities of Brieskorn type. Yau showed a following fact which is important in his theory. Namely if (X, x) is a numerically Gorenstein elliptic singularity, then -K Bi -(-K Bt+1 ) = Z Bt for any i, where K B . is the canonical cycle on B { (cf. Proof of Theorem 3.7 in [24] ). For the case with p f ^ 2, we consider a similar property:
where c G Q is a suitable positive rational number. However this condition doesn't hold in general case. For example, let (X, x) be a singularity whose w.d. graph is so -K A = 19Λ + 8A1 + 4A 2 and Z = Z A = A o + Ax + A 2 and E = A) Since Bi = A 0 U4 we have -K βl = 17A 0 + 6A X and Z Bl = A o + A 1 . Then (X, a;) does not satisfy (5.2), so we consider a more restrictive situation in the following. 
Further, assume that (X,x) satisfy one of the following (i) or (ii).
(i) Yau sequence of (X,x) has one eliminative branch, (ii) the w.d. graph for (X,x) is star-shaped and every cyclic branch which contains an eliminative branch has the same cyclic type (see §3).
Then -K Bi -(~K Bi+1 ) = 2pf~2 + n Z Bi for i = 0,1,... , t -1. n Proof. Let D = Y^A ι φsu PP E^i' ^ * s eas y ^° see ^a^ Z -E Λr Ό and the coefficient for E on any irreducible component of suppE which intersects to an eliminative branch is always one. Since ZE = 0, -E 2 -ED is the number of eliminative branches. Further any eliminative branch is a chain whose any component is a rational curve with the self-intersection number -2. Hence the weighted dual graph of A has the form:
If ri = r 2 = ••• = r k < r k+1 ^ ^ r n (0 ^ k < n), then B rχ has n -k eliminative branches. But -E 2 -n > n -k -the number of the eliminative branches of (x Bri , x ri ). This contradicts to the fact above, so Π = r 2 = = r n = ί. Further Z 2 = ZD = -n. Now we assume that (X, x) satisfies (i) or (ii), so the coefficient of -K on Aij is independent of i (i = 1,... ,n). We put -K = Σi=i a i^% + Σ£=i Σ5=i ^i^ϋi where βupp # = U?=i Λ Then 0 = -ίΓj4 M = z t _i -2x u 0 = -KAij = Xi-γ -2xi + x i+1 (i = 1,... ,i -1). Therefore [23], Example 4, 5, 6 and 7. In our notation, they correspond to Σ (2, 3, 9) , Σ(2,3,11), Σ(3,3,4) and Σ(3,3,5) respectively). In the following, we generalize his results to Σ(α o ,αi,α 2 ). (i) If the w.d. graph associated with the minimal good resolution of(X 0 ,x 0 ) is given by (4.2), the w.d. graph of (X t ,x t ) is given as follows:
Hence, the length of the Yau sequence of (X t ,x t ) is t + 1.
(ii) Let {Z, Z Bl ,. . , Z Bt , x , Z Bt } be the Yau sequence of (X t , x t ). Then where (X Bi ,X{) is the singularity obtained by the contraction of Bι.
(iii) -K t -(-KM) = a o a i " a°Γ a i^ (t = 1,2,...) ; li Λβre K t (resp.
(aa) Z t ) is the canonical (resp. fundamental) cycle on the exceptional set of the minimal good resolution of (X t ,x t ). For (ii), we describe the outline of the proof. It suffices to compare the other data of Pinkham's construction except for cyclic branches (i.e., an analytic type of the central curve, the normal bundle of the central curve, intersection points of the central curve and branches) between (X 0 ,x 0 ) and (X t ,Xt) for any t. If it is showed, then for fixed value ί, the data above of (Xt-i,Xt-i) and (X o ,x 0 ) are equal. Because of (X Bo ,Xo) = (XΪ,XΪ), the data of (X B .,Xi) is equal to (X o ,#o) Hence, comparing the cyclic branches, the all data of Pinkham's constructions of (Xβ. ,#i) and (Xt-i,Xt-i) are equal.
Hence we compare those data for (X 0 ,x 0 ) and (X u x t ) in Σ (α o ,αi,α 2 ). Let C o C P(/ 0 ΛΛ) (resp. C t C Ψ(L 0i L u d 2 l 2 )) be the central curve for (X 0 ,x 0 ) (resp. (X u x t )),
where Li = li(d 2 + ht) for i = 0,1,2. Let π 0 : P 2 -> ^{lojiih) be a map defined by π o ([z Q : z\ : z 2 ]) = [j 2?o° : z[ x : zξ 2 ] and let π x : P 2 -> Ψ(L 0 ,L u d 2 l 2 ) be a map defined by πo([^o : ^x : z 2 ]) = \ZQ° : z^1 : z 2 2h ]. They are surjective, so we can define φ : P(ZoΛ,/ 2 ) -> P(Lo,ii,d2i2) by φ(ττ o {p)) = π t (p) for p € P 2 . Then (/? is an isomorphism (cf. [4] ) and φ(Co) = C t . Since φ{{xi = 0} Π C o ) = {l/oJΠCί,^ corresponds the intersection points (of C o and branches) for (X 0 ,x 0 ) to those for (X t ,x t ). Further, let D o (resp. D t ) be a divisor associated to the conormal bundle of C o (resp. C t ). Then J9 0 can be written as Do = Σ?=irjPj and we have D t = έjLiϊj v(-Pj) (cf. [9] , 3.6), where {P l7 ... ,P;v} Q Ui=o{ χ i = 0} Γ\C 0 . Hence, each Pinkham-Demazure's data for (XQJX 0 ) and (X t ,x t ) are equal except for the type of cyclic quotient singularities of branches. This shows (ii). Hencep g (X t +ι, x t +ι)-p g (Xti Xt) is independent of t and α 2 . If a 2 = l.c.m.(ao, αi), thenp p (X w ,x ί+1 ) -p p (X t ,x £ ) =p p (Y,y) for any t. q.e.d.
From results above we can easily see that if t > 0, then (X ί7 x t ) does not satisfy any minimality condition of Definition 2.1.
Example 5.6. Let (X*,^) = {x 2 Q + x\+ #2 2+8ί = 0} C C 3 for a non-negative integer t, where 8 ^ α 2 < 16. Then p f (X u x t ) = 3 and -K t+1 -(-K t ) = 3Z ί+1 for any < ^ 0.
(i) Let α 2 = 9, then w.d. graph of (X tj x t ) iŝ
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Then Z t = 8A 0 + 6A X + 4A 2 + 2Ax + ΣU A 4)i 4-2Λ 2 + A 3 + A 4 ,o + Λ>,o, -K o = 20Λ and p g (X t ,x t ) = 6t + 6 for any t ^ 0. + (ii) Let α 2 = 12, then w.d. graph of (X t ,x t ) is
A i A 3
Then Z t In Example 5.6, though pf(X t ,x t ) is equal to 3 for any t ^ 0, the arithmetic genus is given by p a (X t ,x t ) -2t + 3 (ί ^ 0) (cf. [14] ). Prom this we can see that the arithmetic genus and the fundamental genus have different roles as the invariant for normal surface singularities with pf ^ 2, though both are topological invariants.
